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Algorithms for Primality Testing Based on Pseudosquares
Kosuke KUWAGI and Shuji JIMBO
Graduate School of Natural Science and Technology, Okayama University
ABSTRACT. $A$ prime number is a positive integer greater than 1 that has no positive
divisors other than 1 and itself. Pubhc-key cryptography is used for confidentiality
preservation in telecommunication today. In public-key cryptography, primality
tests, that is algorithms to determine whether a given number is prime, are play
important roles for public-key generation. The purpose of the research is to view
and verify the possibility of an improvement of a primality test proposed by Lukes
et al by experiments with computers. For each odd prime number $p$ , a positive
integer $L_{p}$ called a pseudosquare corresponds to $p$ . In the algorithm of Lukes et
al, a prime number $p$ with $n<L_{p}$ is found, then, to determine whether a given
positive integer $n$ is a prime number or not, for each prime number $p_{i}$ less than or
equal to $p$ , a calculation of $p_{i}$ raised, $mo$dulo $n$ , to the power $(n-1)/2$ is made.
Let $p(n)$ denote the n-th prime number, where $p_{1}=2$ is the first prime number.
It is conjectured that the n-th pseudosquare $L_{p(n)}$ should grow exponentially in $n.$
If the conjecture holds, then we can obtain a faster rigorous primality test than
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APRT-$CL$ test or ECPP test, which is used in practice today. In this research,
possibility of removing one of primality conditions used in the rigorous primality
test based on pseudosquares of Lukes et al. is investigated by computer experiments.
In consequence, the following conjecture is proposed: The condition is needed only




2. $2<q\leq p$ $q$ $L_{p}-m^{2}$ $q$
$m$
1. $L_{p}\equiv 1(mod 8)$ ,































(3) $q\leqq p$ $q$ $q^{(n-1)/2}\equiv\pm 1(mod n)$
(4) $n\equiv 5$ (mod8) $2^{(n-1)/2}\equiv-1(mod n)$ $n\equiv 1$ (mod8)
$r^{(n-1)/2}\equiv-1$ (mod n) $r\leqq p$ $r$
1 1 $n$
$n=a^{b}$ 1 $a,$ $b$ 2
$n$ 2 $d$
$c=\lfloor\sqrt[d]{n}\rfloor$ $\iota$ $n=c^{d}$ $n=a^{b}$ 1
$a,$
$b$ 1




$n$ $n<L_{p(k)}$ $k$ $k(n)$





1 $L_{p(k)}$ $k$ $k=74$








2 $\epsilon>0$ $p_{0}(\epsilon)$ $p>p_{0}(\epsilon)$
$p^{4\sqrt{e}-\epsilon}<L_{p}<e^{((1/4)+\epsilon)p}$





(4) $n$ (1), (2), (3)
$n\equiv 3(mod 4)$ $n$
1 $n$
(4)





$A$ $p=p(k(n))$ $n$ (3)
( )
$p=p(k(n))$ $n<L_{p}$ ($B=1$ (2))
$n$ A $2^{(n-1)/2}-1$ $n$
$n$
$n<10^{7}$ A $n$ 5





$488881 = 37\cdot 73\cdot 181$
$3057601 = 43\cdot 211\cdot 337$
$3828001 = 101\cdot 151\cdot 251$
$6189121 = 61\cdot 241\cdot 421$
$9439201 = 61\cdot 271\cdot 571$
$n$ $1<a<n$ $gcd(a, n)\neq 1$
$a$
$a^{n-1}\equiv 1 (mod n)$
4 $n$
$n$ $p$ $p-1|n-1$ (n–l $p-1$ )
$p^{2}\nmid n$ ( $n$ $p^{2}$ )
A 107 5 4
5 $n$
1012 8241 A A
517 517 8
5 6236982181,43025053501,613976914981 3
$n$ $n=p_{1}p_{2}\cdots p_{m},$ $p_{1}<p_{2}<\cdots<p_{m}$ ,
$( \frac{a}{p_{i}})\equiv a^{(p_{i}-1)/2} (mod p_{i})$
$p_{i}$ $a$
$a^{(p_{i}-1)/2}\equiv\pm 1$ (mod $p_{i}$ )
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$p=p(k(n))$ ($n<L_{p}$ ) 2
$n$ A
Bl $p<p_{1},$
B2 $\forall q\in\{p(1),p(2), \ldots,p(k(n))\},$ $\forall i\in\{1,2, \ldots, m\})(q^{(p_{i}-1)/2}\equiv 1(mod p_{i})$,
$\forall q\in\{p(1),p(2), \ldots,p(k(n))\},$ $\forall i\in\{1,2, \ldots, m\})(q^{(p_{i}-1)/2}\equiv 1(mod p_{i})$ .
Bl B2
$U_{3}(m)$ [1].
5 $m$ $6m+1,12m+1$ , $18m+1$
$U_{3}(m)=(6m+1)(12m+1)(18m+1)$
$4\sqrt{e}>6$ $m\geqq 2$ $(3m)^{6}>U_{3}(m)$ $6m+1$
$3m$ $6m+1$ 2
$m$ $6m+1,$ $12m+1$ , $18m+1$ $U_{3}(m)$
$n=U_{3}(m)$ Bl
$6m+1,12m+1$ , $18m+1$ $L_{p(73)}\leqq U_{3}(m)<L_{p(74)}$










$m_{0}\leqq m\leqq m_{1}$ $m$ $6m+1,12m+1,18m+1$
$U_{3}(m)$ B2
$6m+1,12m+1$ , $18m+1$ $L_{p(73)}\leqq U_{3}(m)<L_{p(74)}$
$m$ $1\leqq k\leqq 74$ $k$ $(m, k)$
$(p(k))^{U_{3}(m)-1}=1 (mod U_{3}(m))$
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